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Fluctuation-induced First Order Quantum Phase Transition of U(1) Quantum Spin
Liquid in Pyrochlore Quantum Antiferromagnet
Imam Makhfudz
Department of Physics and Astronomy, Johns Hopkins University,
3400 North Charles Street, Baltimore, Maryland 21218, USA
We show using quantum free energy calculation that the quantum phase transition between U(1)
quantum spin liquid (QSL) and antiferromagnet (AFM) phases in pyrochlore quantum antiferro-
magnet (QAFM) is a first order rather than second order. This change in order from second to
first order is induced by gauge fluctuations, which are explicitly taken into account at gauge theory
level in our effective low energy theory. We therefore have discovered a fluctuation-induced first
order quantum phase transition in pyrochlore QAFM. We explicitly derive the quantum free energy
description of this QSL to AFM phase transition and show that it is a weakly first order phase
transition. We also briefly discuss the experimental relevance of this result.
I. INTRODUCTION
Quantum spin liquid (QSL), the exotic state with no
magnetic order down to very low temperatures has been
the subject of intensive studies since its very first sug-
gestion by P.W. Anderson on the existence of resonat-
ing valence bond type of such state in triangular lattice
[1] and the idea that QSL may be the physics behind
high Tc cuprates [2]. The search for quantum spin liquid
state has expanded to other systems especially in frus-
trated quantum magnets [3] where geometric and quan-
tum fluctuations work together to prevent magnetic or-
dering and deliver quantum spin disordered states; the
QSL. In spin systems, theoretical studies suggest the exis-
tence of phase with Coulomb type power law correlations,
hence called Coulomb phase [4][5] and of U(1) quantum
spin liquid which is described by emergent quantum elec-
trodynamics with emergent photons (gauge field) in the
quantum regime. Such U(1) QSL has been argued to ex-
ist in pyrochlore lattice, a 3-d frustrated lattice spins, in
the easy axis limit [5].
Quantum phase transition between these phases is
fascinating problem because of the possibility for non-
Ginzburg-Landau type of conventional phase transition
[6]. At finite temperatures [7][8] or at low temperatures
near quantum criticality [9][10][11][12], in systems which
involve coupling of order parameter to soft modes, such as
electromagnetic field or coupling of one order parameter
to the phase fluctuations of competing order, a second
order phase transition can be driven to first order one
by the gauge fluctuations. We will show in this paper
that similar effect but at T = 0 occurs between QSL and
its neighboring AFM phase in pyrochlore QAFM due to
quantum fluctuations and coupling of order parameter to
gauge field.
II. MODEL OF PYROCHLORE QAFM
Pyrochlore QAFM can be described microscopically
by the most general symmetry-allowed microscopic spin
Hamiltonian with spin defined on pyrochlore lattice site
[13][14]. Considering the case sufficient for pyrochlore
compounds with Kramers doublet and mapping the spin
living at the pyrochlore lattice site to the spin defined on
the link of dual diamond lattice followed by the mapping
[15]
S+
rr′
= Φ†rs
+
rr′
Φr′ = Φ
†
re
iA
rr′Φr′ , S
z
rr′ = Err′ (1)
one obtains a Hamiltonian describing bosonic spinons
hopping between the sites of dual bipartite diamond lat-
tice interacting with compact U(1) gauge field [15].
H =
∑
r∈I,II
Jzz
2
Q2r−J±{
∑
r∈I
∑
µ,ν 6=µ
Φ†
r+êµ
Φr+êνs
−
r,r+êµ
s+
r,r+êν
+II}−Jz±{
∑
r∈I
∑
µ,ν 6=µ
γ∗µνΦ
†
rΦr+êνs
z
r,r+êµ
s+
r,r+êν
+H.c.+II}
(2)
where êµ(ν) are the local z spin axis unit vectors at
the four corners of a tetrahedron of pyrochlore lattice
[15], which we will eventually use as the equivalent sub-
stitute for global spin space basis vectors [17] and γµν
is element of 4 × 4 matrix [15]. The vectors êµ(ν) en-
code the symmetries of the original microscopic lattice
spin model whereas the γµν matrix encodes the symme-
tries of the interaction. The Qr represents the bosonic
spinon number operator satisfying commutation relation
[ϕr, Qr] = i where ϕr is the phase of the bosonic creation
operator Φ†r = e
iϕr . Using a ’gauge mean field theory’
(gMFT), Ref. [15] has obtained the phase diagram of
Eq. (2) where U(1) quantum spin liquid phase exists in
narrow region in proximity to neighboring magnetically
2ordered phases.
III. LOW ENERGY EFFECTIVE THEORY OF
PYROCHLORE QAFM
In this work, we derive the continuum effective low en-
ergy theory of pyrochlore quantum antiferromagnet and
investigate the quantum phase transition of U(1) QSL
phase of pyrochlore quantum antiferromagnet taking into
account gauge fluctuations and the interaction between
spinon and photon. The low energy effective field the-
ory is the first main result of this paper and is given in
Minkowski space-time by [17],
S =
∫
d4x[
1
2Jzz
|(i∂t−egA0)Φr|2− 16
3
J±
∑
α
|(i∂α−egAα)Φr|2−m|Φr|2−u|Φr|4− 1
2g2
∑
αβ
(∂αAβ−∂βAα)2+ 1
2g2
∑
α
E2α]
(3)
with spinon gap m and α, β = x, y, z. The spin ex-
change constants J ’s in the original lattice model Eq. (2)
determine the coefficients of the field theory. This equa-
tion describes complex scalar field coupled to U(1) gauge
field. We have explicitly included the Maxwell term, sep-
arated into its magnetic and electric parts, which de-
scribes very well the physics of pyrochlore QAFM. We
have written the field theory with parameters in Gaus-
sian unit where g2 = µ
µ0
, unit lattice spacing a = 1, speed
of photon vp = 1 and ~ = 1, but we will revert to physical
unit whenever it is necessary.
The field theory is valid low energy description of the
pyrochlore QAFM near the minimum of spinon energy
dispersion at k = 0, which is the case at mean field level
[15] for QSL and AFM phases. The field theory above
takes the form of scalar QED [19] with (emergent) U(1)
gauge charge eg ≡ Q [20]. The microscopic lattice model
(2) of charged bosons coupled to compact U(1) gauge
field has U(1) gauge invariance representing local gauge
charge conservation and the field theory (3) preserves this
gauge invariance.
This field theory in its Euclidean space-time form and
static mean field case mimics the quantum(T = 0 ver-
sion of) free energy description of BCS superconductor
in magnetic field [7] with boson density corresponding to
Cooper pair density and the gauge field corresponding to
the electromagnetic field in such system. This motivates
an analogy between the quantum criticality of pyrochlore
QAFM described by Eq. (3) and classical phase transi-
tion in such BCS superconductor under magnetic field.
In this case, the spin exchange J ’s play the role of en-
ergy scale analogous to temperature T . In support of this
analogy, it is to be noted that physically, in pyrochlore
QAFM, the scalar potential is zero A0 = 0. It is also
to be noted that by definition, in both QSL and AFM
phases, the expectation value of electric field E in Eq.
(3) vanishes 〈E〉 = 0 [15].
IV. FREE ENERGY DESCRIPTION OF U(1)
QSL-AFM QPT: FLUCTUATION-INDUCED
FIRST ORDER QPT
The QSL to AFM phase transition should be able to
be described by an effective action in terms of bosonic
spinon field expectation value 〈Φ〉 (as the order parame-
ter, in the language of Landau symmetry breaking). To
arrive at that, we formally integrate out the gauge fields
from our full action (using both static spatially uniform
(mean-field) solution approximation [7] and functional in-
tegration [18]).
Z =
∫
DΦ∗
∫
DΦ
∫
Dλ
∫
DAe−S[Φ∗,Φ,λ,A]
=
∫
DΦ∗
∫
DΦe−Seff [Φ∗,Φ] =
∫
DΦ∗
∫
DΦe−
F [Φ∗,Φ]
TQPT
(4)
Here, λ is the Lagrange multiplier that globally im-
poses the constraint |Φr| = 1 via a term λ
∫
d4x(|Φr|2−1)
contributing to the m|Φr|2 in Eq. (3). We obtain the
”free energy” (the quantum version analog of classical
thermal free energy) of bosonic spinon fields F [Φ∗
r
,Φr]
with J± playing the role of energy scale TQPT that tunes
the QSL-AFM quantum phase transition [17],
F [Φ∗r ,Φr] =
∫
d3r[c2|Φr|2 − c3|Φr|3 + c4|Φr|4] (5)
where each
∫
k
is 3-d momentum integral
∫
d3k
(2pi)3 . The
coefficients in physical unit are c2 = m + δm with
m = λ − 12J±, δm = 16J±a
2e2gg
2µ0J
c
±Λ
pi2~2
+ O(e2gJ2z±),
c3 =
16J±a
2e2gg
2µ0J
c
±
3pi~2
√
32J±a2e2gg
2µ0
3~2 and c4 ≡ u = u0 +
O(J2z±e4g) [21][22]. Jc± = λ12 is the critical J± at which m
changes sign whereas Λ ∼ 1
a
with a is microscopic lattice
spacing [17]. This free energy is the second main result
of this paper. We note that the coupling to gauge field
generates the crucial cubic term with negative coefficient
3which gives rise to first order phase transition with or-
der parameter 〈Φ〉 as we change the coupling J± while
Jz± mainly gives rise to corrections to spinon gap (mass)
and especially to quartic term which ensures the stabil-
ity of the theory [22]. Increasing J± with other param-
eters fixed drives bosonic spinon condensation and this
describes the QSL to AFM quantum phase transition.
The location of QSL-AFM phase transition can be pre-
dicted directly from the free energy Eq. (5) which can
be shown to suggest that the phase transition occurs at
c2 =
c23
4c4
. Physically, the QSL to AFM phase transition is
bosonic spinon condensation that occurs once the spinon
becomes gapless. To lowest order approximation, the free
energy Eq. (5) predicts the QSL to AFM transition to
occur at λ ≃ 3J± [17], the third main result of this paper.
A quantity of interest in a first order phase transition is
the size of that transition. From the free energy Eq. (5),
if we define the size of first order transition as the ratio
of the jump ∆〈Φ〉 to the magnitude of the order param-
eter Φ0 deep inside the magnetically ordered AFM state
Jz± ≪ J± ∼ Jzz, we obtain ∆〈Φ〉〈Φ〉0 = 23 (
Jc±
Jzz
)
3
2 . 0.06 (us-
ing Jc± ≃ 0.2Jzz; the location of QSL-AFM phase transi-
tion predicted by gMFT [15]), which suggests a relatively
weak first order phase transition. This smallness in the
strength of first order phase transition is one possible rea-
son for why it is not captured by mean field theory. This
is the final main result of this paper.
We have therefore shown that the gauge field fluctua-
tions have driven the mean field second order continuous
QSL to AFM quantum phase transition to weakly first
order phase transition. An analogy with the classical
thermal fluctuation-induced first order phase transitions
requires a coupling of an order parameter to gauge field
to drive the phase transition to first order. In our work,
such order parameter is the expectation value of bosonic
spinon field which appears in mean field decomposition
of the lattice gauge theory Eq. (2); 〈Φ†Φ〉 = 〈|Φ|2〉 =
|〈Φ〉|2+ 〈|∆Φ|2〉. This mechanism is possible because the
spinons carry emergent U(1) gauge charge that couple
to emergent electromagnetic gauge field A, that is, it all
arises from the U(1) gauge structure of the theory with
complex scalar field coupling to the U(1) gauge field via
the U(1) gauge charge. However, different from previ-
ously known fluctuation-induced first order phase transi-
tions which occur at finite temperatures or at low tem-
peratures near quantum critical point, in this paper the
phase transition is between zero temperature quantum
ground states and the fluctuations are quantum fluctua-
tions rather than thermal fluctuations.
V. DISCUSSION
In this work, we theoretically investigate quantum
phase transition tuned by changing the spin exchange
constants Jzz, J±, Jz±. This is a challenging task experi-
mentally since given a compound with a measured set of
couplings, it corresponds to merely one point in the the-
oretical phase diagram. The quantum phase transition
studied here is more feasible for experimental studies if
we can find compound which microscopically is close to
criticality. Pyrochlore compounds near quantum criti-
cal point have been the subject of intense research lately
[23]. It is our hope that soon there will be discovered
compounds with microscopic parameters near QSL-AFM
transition line. Applying pressure [24], magnetic field or
chemical substitution (doping) to such compounds as in-
direct means to tune coupling constants is expected to
drive the compound to cross the QSL-AFM phase bound-
ary where the quantum criticality predicted in this paper
can be directly verified.
We have treated bosonic spinon and gauge field explic-
itly and the interaction between them has been included
in the free energy calculation. Other than these two ex-
citations, there is also electric monopole which is gapped
and plays important role especially at energies above the
gap. The presence of fractional excitations in pyrochlore
QAFM is itself an exciting question that has been investi-
gated experimentally [25]. It is a challenge to include all
these excitations and treat the interaction between them
fully field theoretically. Another open problem of inter-
est is to do similar study on the nature of quantum phase
transition between U(1) QSL and the so-called ’Coulom-
bic’ ferromagnet (CFM) phase [15]. CFM is an interest-
ing phase because it has ferromagnetic order but with
spinon and photon as excitations rather than spin wave.
We find that studying QSL-CFM phase transition using
similar free energy description is a more formidable task
and is therefore an open opportunity for further effort.
In conclusion, in this gauge theory picture, we obtain
first order QSL-AFM quantum phase transition driven
by gauge fluctuations treated at gauge theory level. We
conclude that gauge fluctuations have driven the mean-
field second order phase transition to first order one. We
therefore obtain a fluctuation-induced first order quan-
tum phase transition rather than the standard Ginzburg-
Landau theory’s continuous second order. To be more
precise, this QSL-AFM phase transition is predicted to
be weakly first order. The occurrence of this phenomenon
reflects the U(1) gauge theory structure of the Coulomb
phases of pyrochlore QAFM, which manifests an emer-
gent quantum electrodynamics (QED).
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4Appendix A: Derivation of Low Energy Effective
Theory
We begin with the most general symmetry-allowed
nearest neighbor spin exchange model on pyrochlore lat-
tice [13][14]:
H =
∑
〈ij〉
{JzzSzi Szj − J±(S+i S−j +S−i S+j )+ J±±[γijS+i S+j
+ γ∗ijS
−
i S
−
j ] + Jz±[S
z
i (ζijS
+
j + ζ
∗
ijS
−
j ) + i↔ j]} (A1)
with local cubic basis vectors
ê0 = (1, 1, 1)/
√
3, ê1 = (1,−1,−1)/
√
3,
ê2 = (−1, 1,−1)/
√
3, ê3 = (−1,−1, 1)/
√
3 (A2)
with matrix γµν given by
γµν =


0 1 w w2
1 0 w2 w
w w2 0 1
w2 w 1 0

 (A3)
where w = ei
2pi
3 . The 4 unit vectors êµ physically point
from the center of a tetrahedron to its four corners. Each
defines the local spin z axis of the spin at the correspond-
ing site at the corner. We will however use these 4 unit
vectors as (nonorthogonal) global basis vectors which are
directly related to the x̂, ŷ, and ẑ unit vectors of global
3-d Cartesian coordinate. Their relation can be written
as,
êµ =
∑
α=1,2,3
nµαêα (A4)
where the coefficient nµα is nothing but the α
th ele-
ment of êµ.
We now follow Ref. [15] to map the spin model with
spins defined at the sites of pyrochlore lattice to spin
model with spins defined at the links of dual diamond
lattice and finally to lattice gauge theory with bosonic
spinons defined at the dual diamond lattice sites and the
gauge field at the links, via the mapping
S+
r,r+eµ = Φ
†
r
s+
r,r+eµΦr+eµ , S
z
r,r+eµ = s
z
r,r+eµ (A5)
The correspondence between pseudospin operators and
gauge fields is given by,
sz
r,r’ = Er,r’, s
± = ei±Ar,r’ (A6)
where ηr = ±1 for diamond sublattice I(II). Consider-
ing the case with J±± = 0 [15], the Hamiltonian of the
lattice gauge theory with bosonic spinons defined on the
dual diamond bipartite lattice becomes
H =
∑
r∈I,II
Jzz
2
Q2r − J±{
∑
r∈I
∑
µ,ν 6=µ
Φ†
r+êµ
Φr+êνs
−
r,r+êµ
s+
r,r+êν
+
∑
r∈II
∑
µ,ν 6=µ
Φ†
r−êµ
Φr−êνs
+
r,r−êµ
s−
r,r−êν
}
− Jz±{
∑
r∈I
∑
µ,ν 6=µ
(γ∗µ,νΦ
†
rΦr+êνs
z
r,r+êµs
+
r,r+êν
+H.c.) +
∑
r∈II
∑
µ,ν 6=µ
(γ∗µ,νΦ
†
r−êν
Φrs
z
r,r−êµs
+
r,r−êν
+H.c.)} (A7)
Despite the rather complicated form, the above Hamil-
tonian has U(1) gauge symmetry, i.e. it is invari-
ant with respect to U(1) gauge transformations Φ†r →
e−iχ(r)Φ†
r
,Φr → eiχ(r)Φr, Ar,r+êµ → Ar,r+êµ + χ(r) −
χ(r + êµ). The first term is the Ising term expressed
in terms of charge Qr with integer Qr ∈ Z which basi-
cally counts the number of spinons at site r of the dual
diamond lattice.
Qr = ηr
∑
µ
Sz
r,r+ηrêµ
(A8)
In fact, Qr is the analog of momentum coordinate con-
jugate to the phase field ϕr of Φ
†
r = e
iϕr which is ana-
log of the position coordinate with commutation relation
[ϕr, Qr] = i. The spinon field is subject to local con-
straint |Φr| = 1.
We take the continuum limit of this lattice gauge the-
ory by performing the following expansion to second or-
der in derivative,
Φr+êµ(ν) = Φr + êµ(ν).∇Φr +
1
2
(êµ(ν).∇)2Φr +O(∂3µΦ)
= Φr + ∂µ(ν)Φr +
1
2
∂2µ(ν)Φr +O(∂
3
µ(ν)Φ) (A9)
5ei
∫ r+êµ(ν)
r dr.A = e
i(êµ(ν).Ar,r+êµ(ν) )
e
iAr,r+êµ(ν) = eiAµ(ν)
= 1 + iAµ(ν) −
1
2
A2µ(ν) +O(A
3) (A10)
Aν −Aµ = Ar,r+êν −Ar,r+êµ = Ar+êµ,r+êν
= Ar,r+êν−êµ = Ar,r+êδ = Aδ (A11)
We have defined ∂µ(ν) = êµ(ν).∇ and êδ = êν − êµ.
With r, r′ representing the sites of dual diamond lattice,
the gauge field Ar,r’ lives at the middle of the link
r+r’
2 of
dual diamond lattice. At the moment we are essentially
working in Gaussian unit such that we have unit lattice
spacing a = 1, speed of photon vp = 1 and ~ = 1, but we
will recover these quantities to their actual physical unit
later in the calculation whenever it is necessary.
One may want to compare the treatment of gauge field
fluctuations in this gauge theory with that in mean field
theory where one assumes a gauge mean field ansatz [15],
〈s−µ 〉 =
1
2
cosθ, 〈szµ〉 =
1
2
sinθεµ (A12)
where εµ = (1, 1,−1,−1) for µ = 0, 1, 2, 3 correspond-
ing to the four basis vectors of local cubic base of py-
rochlore lattice in Eq. (A2). The QSL state of our inter-
est was found in gMFT to correspond to θ = 0 [15]. We
may equally well write an ansatz,
〈s−µ 〉 = cosθ, 〈szµ〉 = sinθεµ (A13)
Then in the limit |Ar,r′ | = |
∫
r
′
r
A.dr| ≪ 1, we have
s±
r,r’ = e
i±Ar,r’ ≃ (1± iAr,r’ − 1
2
A2
r,r’ + ...)
In QSL state, cosθ = 1 which gives 〈s−〉 = cosθ = 1
and therefore precisely matches with the above expan-
sion for s−
r,r′ at lowest order. Physically, this comparison
suggests that the gauge field Ar,r’ in our expansion is
the gauge fluctuations about the mean field expectation
value of gauge field in gMFT [15]. This is a very accurate
physical picture.
The resulting long wavelength theory (still bearing
sublattice sums) is
H =
∑
r∈I,II
Jzz
2
Q2
r
−J±{
∑
r∈I
∑
µ,ν 6=µ
{Φ†rΦr +Φ†r(∂νΦr) + (∂µΦ†r)Φr + (∂µΦ†r)(∂νΦr) +
1
2
(∂2µΦ
†
r)Φr +
1
2
Φ†r(∂
2
νΦr) + ...}(1 + iAδ −
1
2
A2δ + ...)
−J±{
∑
r∈II
∑
µ,ν 6=µ
{Φ†
r
Φr −Φ†r(∂νΦr)− (∂µΦ†r)Φr + (∂µΦ†r)(∂νΦr) +
1
2
(∂2µΦ
†
r
)Φr +
1
2
Φ†
r
(∂2νΦr) + ...}(1− iAδ −
1
2
A2δ + ...)
−Jz±{
∑
r∈I
∑
µ,ν 6=µ
(Φ†
r
Φr +Φ
†
r
∂νΦr +
1
2
Φ†
r
∂2νΦr + ...)Eµ(1 + iAν −
1
2
A2ν + ...) +H.c}
− Jz±{
∑
r∈II
∑
µ,ν 6=µ
(Φ†
r
Φr − ∂νΦ†rΦr +
1
2
∂2νΦ
†
r
Φr + ...)Eµ(1 + iAν − 1
2
A2ν + ...) +H.c} (A14)
where we have denoted Aµ(ν) = Ar,r+êµ(ν) in sublat-
tice I and Aµ(ν) = Ar,r−êµ(ν) in sublattice II. Likewise,
Eµ(ν) = Er,r+êµ(ν) in sublattice I and Eµ(ν) = Er,r−êµ(ν)
in sublattice II. The electric field is Eµ(ν) = −∂µ(ν)A0 −
6∂tAµ(ν) = −∂tAµ(ν) since no scalar potential exists phys-
ically in the system. The r, r′ = r ± êµ(ν) here denotes
direction (that is, not the location) of vector to be point-
ing from r to r′ = r± êµ(ν). For the last terms involving
coupling Jz±, we will retain only the lowest order terms in
derivatives and gauge fields, valid in the low energy long
distance limit, which must preserve gauge invariance of
the microscopic model Eq. (A7).
With Φ†
r
= eiϕr and using commutation relation
[ϕr, Qr] = i, we can write Qr =
1
i
∂
∂ϕr
, ϕr =
1
i
∂
∂Qr
.
It can be shown that the term Q2
r
can be written as
Q2r = t
2
s
dΦ∗
r
dt
dΦr
dt
in the field theory language where ts
is an appropriate time scale needed to get the dimension
right. We choose this time scale to be ts =
~
Jzz
(≡ 1
Jzz
in Gaussian unit) because the coupling Jzz is the refer-
ence energy scale (coupling constant) in the phase dia-
gram. One may want to minimally couple this term to
the the scalar potential A0 to get gauge invariant term
Q2
r
= |(i∂t−A0)Φr|2 but physically, there exists no scalar
potential in microscopic model in Eq. (A7), i.e. A0 = 0
and only vector potential A exists with the electric field
E coming entirely from this vector potential.
We obtain from Eq. (A14) a 3+1-D continuum action
in real (Minkowskian) time (T = 0) field theory [19],
S =
∫
d4x[
1
2Jzz
|(i∂t − egA0)Φr|2 − 1
2
J±
∑
µ,ν 6=µ
|(i∂δ − eAδ)Φr|2 − (λ− 12J±)|Φr|2 − 1
2g2
∑
αβ
(∂αAβ − ∂βAα)2
+
1
2g2
∑
α
E2α +
1
2
Jz±{
∑
µ,ν 6=µ
γ∗µν ieEµJν +H.c.} −
1
2
Jz±
∑
µ,ν 6=µ
{γ∗µνeEµ|(i∂ν − eAν)Φr|2 +H.c.}] (A15)
with the gauge invariant Noether current Jν given by
Jν = Φ
∗
r
(−i∂ν + eAν)Φr +Φr(i∂ν + eAν)Φ∗r (A16)
and the partition function
Z =
∫
DΦ∗DΦDADλeiS[Φ∗,Φ,A,λ]
where we have added the Lagrange multiplier term
λ
∫
d4x(Φ∗rΦr − 1) with λ > 0 that globally imposes the
Hilbert space constraint on the spinon field |Φr| = 1.
The λ
∫
d4x(−1) piece contributes only a constant en-
ergy shift and is omitted from Eq. (A15). The Hermitian
conjugation operation (†) in the original Hamiltonian lan-
guage becomes simply complex conjugation operation (∗)
in the field theory language as the original bosonic spinon
creation and annihilation operators now simply become
complex scalar field.
The µ, ν = 0, 1, 2, 3 are the indices of local z spin
axes êµ(ν) and α, β = x, y, z. The mass parameter
m = λ−12J± is the spinon gap. We have put in by hand
the free Maxwell term of Abelian U(1) gauge theory, sep-
arated into its magnetic field and electric field parts,
analogous to the Maxwell term of QED: − 14FµνFµν in
Gaussian unit, with µ = g2µ0. This free Maxwell ac-
tion corresponds to − 12 (c2B2 −E2) which is standard in
U(1) gauge theory and also generally describes very well
the actual physics of Coulomb phases in pyrochlore, with
certain cautions. We have also included the emergent
U(1) gauge charge eg ≡ Q (or equivalently e which we
define as e = 43eg) together with each of the gauge fields
A and E which represents the strength of spinon-gauge
field coupling.
The field theory in Eq. (A15), apart from the last two
terms, is called scalar QED in QFT. This scalar QED
part is truly Lorentz invariant when the coefficients of
the first two terms are equal. The last two terms are
novel terms that reflect the unique physics of field theory
of pyrochlore QAFM, derived directly from the micro-
scopic model Eq. (A7). We treat these last two terms
as perturbation to the scalar QED part. This is justi-
fied by the fact that these last two terms have coupling
proportional to U(1) gauge charge e (or equivalently eg)
and because these terms are linear in electric field, they
should be multiplied with an inverse of mass scale in or-
der to have proper mass dimension. This mass scale is
nothing but a UV cut off Λ; a large momentum (mass)
scale which we can take as the inverse of the small lat-
tice spacing a. Further, these last two terms give rise
to several new types of vertex; the simplest ones being
scalar-scalar-gauge field vertex and scalar-scalar-gauge
field-gauge field vertex. However, we will not discuss the
renormalization effect of these terms or explicitly com-
pute their contribution to the renormalization correction
of the appropriate terms of the scalar QED but only give
the order of magnitude of those corrections. The two
most important renormalization effects of those vertices
are mass renormalization and quartic term renormaliza-
tion [22]. Denoting them as δmz± and δuz± respectively,
it is easy to check that the leading contributions are
δmz± = O(e2J2z±) and δuz± = O(e4J2z±).
The new field theory upon taking the above consider-
7ation now becomes
S =
∫
d4x[
1
2Jzz
|(i∂t−egA0)Φr|2− 16
3
J±
∑
α
|(i∂α−egAα)Φr|2−m|Φr|2−u|Φr|4− 1
2g2
∑
αβ
(∂αAβ−∂βAα)2+ 1
2g2
∑
α
E2α]
(A17)
where we have used the mapping Eq. (A4) and the
gauge field mapping [26] to express all the vectors in
global Cartesian coordinate basis. We have also obtained
the spinon gap m = λ− 12J±.
Appendix B: Free Energy Description of QSL-AFM
QPT
In this section, we give the details of the derivation of
(quantum analog of the classical thermal) ”free energy”
for bosonic spinon fields to be used to describe QSL-AFM
quantum phase transition where the expectation value of
spinon field 〈Φ〉 is the order parameter for this transition.
The field theory for pyrochlore QAFM in imaginary time
(Euclidean space-time) [18] with t = −iτ is described by
SE =
∫
d4xE [
1
2Jzz
|(∂τ+iegA0)Φr|2+16
3
J±
∑
α
|(∂α+iegAα)Φr|2+m|Φr|2+u|Φr|4+ 1
2g2
∑
αβ
(∂αAβ−∂βAα)2+ 1
2g2
∑
α
E2α]
(B1)
We aim for free energy F [Φ∗,Φ] to describe the QSL-
AFM phase transition because such transition is based
on bosonic spinon condensation where 〈Φ〉 = 0 in QSL
and 〈Φ〉 6= 0 in AFM. It is to be noted in both of these
phases, 〈E〉 = 0 [15]. From Eq. (B1), the real space free
energy density of spinon in the static spatially uniform
approximation [7], obtained by taking ∂αΦr = 0, gives
1
V
dF [Φ∗
r
,Φr]
d|Φr| = 2m|Φr|+4u|Φr|
3+J±e
2
∑
µ,ν 6=µ
〈A2δ(r)〉Φ|Φr|
= 2m|Φr|+ 4u|Φr|3 + 6J±e2
∑
αβ
〈Aα(r)Aβ(r)〉Φδαβ|Φr|
(B2)
where V is the system volume. In the action language
in Eq. (B1), each
∫
k
is 4-d momentum-frequency inte-
gral
∫
dω
2pi
∫
d3k
(2pi)3 whereas in this free energy language,
each
∫
k
is 3-d momentum integral
∫
d3k
(2pi)3 with the inte-
gration over frequency turns into prefactor proportional
to inverse of an energy scale, as shown later.
The expectation value 〈...〉 in Eq. (B2) is evaluated
with respect to appropriate action. The next step is
therefore to compute these expectation values. Taking
Fourier transform, we have to compute 〈Aδ(k′′)Aδ(k′′′)〉Φ
which is the expectation value of Aδ(k′′)Aδ(k′′′) with re-
spect to the action (free energy) of A taken at constant
spatially uniform value of Φ.
〈Aδ(k′′)Aδ(k′′′)〉Φ =
∫ DAe− F [A]ΦTQPT Aδ(k′′)Aδ(k′′′)∫ DAe−F [A]ΦTQPT
=
∑
αβ
(
3
4
)2nδαnδβ
∫ DAe−F [A]ΦTQPT Aα(k′′)Aβ(k′′′)∫ DAe−F [A]ΦTQPT
= (
3
4
)2
∑
αβ
nδαnδβ〈Aα(k′′)Aβ(k′′′)〉Φ
where J± plays the role of energy scale TQPT that
tunes this quantum phase transition. The free energy
of the gauge field is
8F [A]Φ =
1
2g2
∫
k′′,k′′′
Aα(k′′)(k
′′2δαβ−k′′αk′′β)Aβ(k′′′)δ(k′′+k′′′)+
1
2
J±
∑
µ,ν 6=µ
∫
k,k′,k′′,k′′′
e2Aδ(k′′)Aδ(k′′′)〈Φ∗kΦk′ 〉δ(−k+k′+k′′+k′′′)
=
1
2g2
∫
k′′,k′′′
Aα(k′′)(k
′′2δαβ−k′′αk′′β)Aβ(k′′′)δ(k′′+k′′′)+3J±
∑
αβ
∫
k,k′,k′′,k′′′
e2Aα(k′′)Aβ(k′′′)〈Φ∗kΦk′〉δ(−k+k′+k′′+k′′′)
(B3)
where we have used
∑
µ,ν 6=µ
Aδ(k′′)Aδ(k′′′) = (
3
4
)2
∑
µ,ν 6=µ
∑
αβ
nδαAα(k′′)nδβAβ(k′′′)
= 6
∑
αβ
Aα(k′′)Aβ(k′′′)δαβ (B4)
Noting that 〈Φ∗kΦk′ 〉 ∼ δ(k′ − k) and using
ZA =
∫
DAe−
∫
k′′,k′′′
Aα(k′′)M
Φ
αβ(k
′′,k′′′)Aβ(k′′′)δ(k
′′+k′′′)
=
∫
DAe−S[A] = 1
MΦαβ
δ(k′′ + k′′′) (B5)
and
〈Aα(k′′)Aβ(k′′′)〉 =
∫ DAe−S[A]Aα(k′′)Aβ(k′′′)∫ DAe−S[A]
=
− ∂ZA
∂MΦ
αβ
ZA
=
1
MΦαβ
δ(k′′ + k′′′) (B6)
, the result is
〈Aα(k′′)Aβ(k′′′)〉Φ =
2g2Jc±
k′′2 + 6J±e2g2|Φ|2 (δαβ−
k′′αk
′′
β
k”2
)δk′′,−k′′′
(B7)
and so
〈Aδ(k′′)Aδ(k′′′)〉Φ =
(
3
4
)2
∑
αβ
2g2Jc±nδαnδβ
k′′2 + 6J±e2g2|Φ|2 (δαβ −
k′′αk
′′
β
k”2
)δk′′,−k′′′ (B8)
where Jc± =
λ
12 is the critical J± at which m changes
sign. Retaining only the gauge independent part of the
transverse projector, as only this part that should con-
tribute to physical process, we have
1
V
dF [Φ∗r ,Φr]
d|Φr| = 2m|Φr|+ 4u|Φr|
3 + 6J±e
2
∑
αβ
∫
k′′
2g2Jc±
k′′2 + 6J±e2g2|Φ|2 δαβ |Φr| (B9)
where we have used
∑
µ,ν 6=µ nδαnδβ =
32
3 δαβ to obtain
the last line. The integral
∫
k′′
2g2Jc±
k′′2+6J±e2g2|Φ|2
δαβ is UV
divergent and so we impose UV cut-off. Denoting k2s =
6J±e
2g2|Φ|2, we obtain
∫
d3k′′
(2pi)3
1
k′′2 + k2s
=
1
(2pi)3
4pi(Λ − kstan−1[ Λ
ks
])
≃ 1
2pi2
(Λ − ks pi
2
) (B10)
in the limit of large Λ
ks
. To obtain the final free energy
density in real space, we recover the spatial dependence
of the Φ and impose locality of the free energy and get
1
V
dF [Φ∗r ,Φr]
d|Φr| = 2m|Φr|+ 4u|Φr|
3 +
6e2g2
pi2
J±J
c
±(Λ−
pi
2
√
6J±e2g2|Φr|2)
∑
αβ
δαβ |Φr| (B11)
9= 2c2|Φr| − 3c3|Φr|2 + 4u|Φr|3
where c2 = m + δm with m = λ − 12J±, δm =
9J±e
2g2Jc±Λ
pi2
+ O(e2J2z±), c3 = 3J±e
2g2Jc±
pi
√
6J±e2g2 in
Gaussian unit, and Λ ∼ 1
a
with a is microscopic lat-
tice spacing. In physical unit, δm =
9J±a
2e2g2µ0J
c
±Λ
pi2~2
+
O(J2z±e2), c3 = 3J±a
2e2g2µ0J
c
±
pi~2
√
6J±a2e2g2µ0
~2
, c4 ≡ u =
u0+O(J2z±e4) [22] where we have used the result in Ap-
pendix A for the last correction to δm and u.
The final free energy in real space takes the form,
F [Φ∗r ,Φr] =
∫
d3r[c2|Φr|2 − c3|Φr|3 + c4|Φr|4] (B12)
with c2 = λ−12J±+ 16J±a
2e2gg
2µ0J
c
±Λ
pi2~2
+O(e2gJ2z±), c3 =
16J±a
2e2gg
2µ0J
c
±
3pi~2
√
32J±a2e2gg
2µ0
3~2 , c4 ≡ u = u0 + O(J2z±e4g)
where we have used eg =
3
4e.
The location of QSL-AFM phase transition can be pre-
dicted directly from the free energy Eq. (B12). We no-
ticed previously that the coupling to gauge fields renor-
malizes the spinon gap (mass) m only by subleading cor-
rection δm =
16J±a
2e2gg
2µ0J
c
±Λ
pi2~2
+ O(e2gJ2z±) (in physical
unit). According to Eq. (B12), it can be shown that the
phase transition occurs at
c2 =
c23
4c4
(B13)
Physically, the QSL to AFM phase transition is bosonic
spinon condensation that occurs once the spinon becomes
gapless. With c3 and c4 given as before, Eq. (B13) sug-
gests that the transition occurs at m =
c23
4c4
− δm. Since
both terms on the right hand side are subleading tom, to
lowest order approximation, the QSL-AFM phase transi-
tion therefore occurs atm = λ−12J± = 0 or equivalently
λ = 12J±. To compare this with gMFT result however,
we have to carefully take into account an extra factor
of 14 = (
1
2 )
2 which arises from the fact that the gMFT
ansatz [15] Eq. (A12)
〈s−µ 〉 =
1
2
cosθ, 〈szµ〉 =
1
2
sinθεµ (B14)
matches precisely with the spin-gauge field correspon-
dence Eq. (A6)
szr,r’ = Er,r’, s
± = ei±Ar,r’ (B15)
only if we add factor half to the right hand side of the
correspondence for s±, i.e.,
s± =
1
2
ei±Ar,r’
Therefore, since the J± term in the lattice gauge the-
ory Eq. (A7) consists of products of bilinear term in
bosonic spinon fields Φ†,Φ and bilinear term in (expo-
nential of gauge fields) s+, s−, it effectively predicts QSL-
AFM phase transition at λ = (12 )
212J± = 3J±, in precise
agreement with Ref. [15].
The size of first order phase transition can be obtained
by taking F [|Φ|] = 0, ∂F [|Φ|]
∂|Φ| = 0 from Eq. (B12) which
gives ∆〈Φ〉 = c32c4 |QPT . If we measure the strength of
first order phase transition by the ratio of the jump
∆〈Φ〉 to the magnitude of the order parameter 〈Φ〉0
deep inside the magnetically ordered AFM state, deriv-
able from Eq. (B12) by taking ∂F [|Φ|]
∂|Φ| = 0 and the
limit Jz± ≪ J± ∼ Jzz , 〈Φ〉0 ≃ 3c34c4 |AFM , we obtain
∆〈Φ〉
〈Φ〉0
= 23 (
Jc±
Jzz
)
3
2 . 0.06 using Jc± ≃ 0.2Jzz, which is
roughly the location of QSL-AFM phase transition pre-
dicted by gMFT [15]. This result therefore suggests a
relatively weak first order phase transition.
As a final note, so far we have not specified explicitly
the value of parameters in the field theory Eq. (A15)
such as the effective U(1) gauge charge e (or eg) and per-
meability ratio g2 = µ
µ0
whereas other parameters such
as lattice spacing a should be measurable and known for
each specific compound. These parameters characterize
the emergent electrodynamics and should be treated as
phenomenological quantities determinable from experi-
ment.
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